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Abstract 

O 

We find a one-parameter family of Lagrangian descriptions for classical general 
relativity in terms of tetrads which are not c-numbers. Rather, they obey exotic 
commutation relations. These noncommutative properties drop out in the metric 
^ ■ sector of the theory, where the Christoffel symbols and the Riemann tensor are 

ordinary commuting objects and they are given by the usual expression in terms 
of the metric tensor. Although the metric tensor is not a c-number, we argue that 
all measurements one can make in this theory are associated with c-numbers, and 
thus that the common invariant sector of our one-parameter family of deformed 
gauge theories (for the case of zero torsion) is physically equivalent to Einstein's 
general relativity. 



It is well known that 3 + 1 gravity admits a gauge theory description]]]]. In this 
description, the connection one forms correspond to the tetrads and spin connections, 
while the dynamics is given by the Palatini action. The gauge group is the Poincare 
group, although the action is only invariant under local Lorentz transformations. 

In a couple of recent papers J2|, || we obtained a generalization of the gauge theory 
description of general relativity where the gauge group is replaced by a q-gauge group ||. 



1 



This result was first achieved in three space-time dimensions |2j using a deformed Chern- 
Simons action || and the quantum Poincare group ISO q (2, 1) ||. In the resulting de- 
scription of 2+1 gravity, the dreibeins and spin-connections are not c-numbers, but 
instead, obey nontrivial braiding relations. In four space-time dimensions §], one uses a 
deformed Palatini action and the quantum Poincare group ISO q (3, 1) 0. Once again, 
the connections obey nontrivial braiding relations. There is, in fact, a one-parameter 
family of such theories, parametrized by q, and the usual (undeformed) theory is ob- 
tained in the limit q — *■ 1. The metric tensor, which is needed for recovering Einstein's 
theory, can be constructed as a suitable bilinear in the tetrads, and it reduces to the 
usual expression when q — > 1. A remarkable feature of our description (in the absence 
of torsion) is that the entire one-parameter family of descriptions (including the q = 1 
case) has a common metric sector. That is, all descriptions lead to the same classical 
dynamics - that given by the Einstein equations. In this regard, the components of the 
metric tensor g^ v commute among themselves and the field equations they satisfy are 
formally identical to those of the ordinary theory associated with q = 1. Remarkably, 
the relevant fields of the metric theory, such as Christoffel symbols and the Riemann 
tensor, turn out to be ordinary commuting fields given by the usual expressions in term 
of g^v 

In this letter, after giving a concise review of our formulation of gravity, we shall 
present new results concerning two important issues that were not addressed in our 
previous papers. First, we shall show that for q real or equal to a phase there exists 
a set of reality conditions for our non-commuting tetrads and spin-connections which 
are consistent with their commutation properties, and ensure that the space-time metric 
is real. Second, we shall argue that the equivalence of our deformed gauge theory 
with classical general relativity goes beyond the formal arguments sketched above. By 
'formal', we are alluding to the fact that our deformed metric tensor does not commute 
with all the connections of the theory and hence is not a c-number. One may therefore 
question its physical relevance, since the metric is necessary for defining distances. Since 
the Einstein-Hilbert action Seh contains g^ u , one might conclude that Seh too is not a 
c-number, causing new obstacles, say if one were to attempt a path integral quantization. 
We will show below that despite the fact that the metric is noncommuting, the ratio 
of any two quantities with the units of 'length' can be made to be in the center of the 
algebra, and hence any actual distance measurement one makes in this theory can be 
associated with a c-number. Moreover, once we allow dimensionful quantities (say, for 
example, the analogue of Newton's constant) to have non trivial commutation properties, 
we can argue that all possible dimensionless ratios, and hence all possible measurements 
are associated with c-numbers, and hence are physically meaningful. Concerning the 
action integral, although it is not a c-number, we find that it has definite commutation 
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properties. That is, all terms appearing in the integrand have the same commutation 
relations. (We should point out that this, in general, is not guaranteed when dealing 
with theories of noncommuting fields.) Seh can then be made to be central in the 
algebra of fields, when one allows for the dimensionful coefficient, here the analogue of 
Newton's constant, to be noncommuting. Its commutation properties are precisely those 
which are needed to make dimensionless ratios into c-numbers. 

It should be stressed that the equivalence with the usual metric theory holds, not 
only for pure gravity, but also in the presence of matter, provided there are no sources 
for torsion. On the other hand, the different theories can be distinguished from one 
another, a) at the classical level when a non-zero torsion exists, each theory coupling 
to a different kind of "exotic" matter. In addition, most certainly the different theories 
can be distinguished from one another, b) at the quantum level. Upon applying the 
canonical formalism to the above system in any number of dimensions, one obtains 
a one-parameter family of Hamiltonian descriptions for gravity. The one-parameter 
family of canonical formalisms is associated with inequivalent theories. This feature 
should become significant when canonically quantizing such a theory. We will not be 
concerned with a) or b) in this letter, and instead refer the reader to || for a detailed 
discussion of these and other issues. 

The starting point of the construction is a deformation ISO q (3, 1) of the Poincare 
group. It can be described very simply in terms of a Lorentz vector z a and a Lorentz 
matrix £ a b, whose elements, instead of being c-numbers, have the following non-trivial 
commutation relations 

z a g b = g A(b) g b z a ? 

where A(l) = —1 , A(2) = A(3) = , A(4) = 1 , while all other commutation 
relations are trivial. The Lorentz metric tensor is taken to be the following off-diagonal 
matrix: 

( M 

V= 1 x (2) 

Vi / 

Then the commutation relations (0) are consistent with the Lorentz constraints 

@ab^c = ^ba^ c = Vac j det || £ a b ||= 1 , (3) 

due to the identity r] a b = q A ^ +A( - b,) r]ab ■ ISO g (3, 1) thus contains the undeformed Lorentz 
group. 

We need now to formulate the reality properties of the group elements. Thus we 
introduce a ^-involution on the g-Poincare group with the usual property for the con- 
jugation of a product, (cx/3)* = f3*a*. We shall demand that the commutation relations 
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flip be preserved under conjugation, with z a real (i.e., (z a )* = z a ) and l b defining the 
Lorentz group. We find that this is possible for two cases: 

i) q is a phase. Then the commutation relations (ED) are preserved with (z a )* = z a and 

= C 

ii) q is real. The commutation relations ([!]) are preserved with (z a )* = z a and (£ a b )* 
proportional to l a b = l a d f]db- It remains to ensure that the matrices l b still define the 
Lorentz group. For this we can choose the proportionality constants according to: 

(O* = c , (Cy = c , (L 3 y = -l 3 , (Cy = c . (4) 

Although l b are not real, real matrices l a can be constructed according to 

la yp2i ^ a ^ a ^ ' ^ V^2 ^ a ^ ^ 

and it can be checked that these matrices satisfy the Lorentz conditions (|p, e.g. l a bl c b = 

Ibal c ^]ac • 

A set of (left-)invariant Maurer-Cartan forms on ISO q (3, 1) can be constructed ac- 
cording to: 

u ab = (r 1 dl) ab , e a = {£- l dz) a . (6) 

(Notice that the Lorentz constraints (^) imply that {l~ l ) b = l b a ). The differential d, in 
these formulae, satisfies all the usual properties of the undeformed case, like d 2 = and 
the Leibnitz rule. See ref. @. The commutation properties of (the components of) the 
Maurer-Cartan one- forms follow easily from Eqs. ([!]): 

ab cd _ cd ab 
P a t,J bc „ A ( fe )+ A ( c ) ll , bc p a 

As for their reality properties, for i) q equal to a phase, e a and u ab are real, while for ii) 
q real, one finds: 

ab* _ a* _ -A(a) /o\ 

lo — oj a b , e — q y 'e a ■ yo) 

Under infinitesimal (right) Poincare transformations, the transformation law of the 
Maurer-Cartan forms has the standard form: 



uj ab = dr ab + u a c r cb - u b c r ca , 

5e c = dp c + u c b p b - r cb e b . (9) 
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but consistency with Eqs.(^) implies that the gauge parameters p a and r ab must be 
non-commuting elements such that: 

p a u bc = q A ^ +A ^ u bc p a , p a e b = q A ^~ A ^ e b p a 

T ab e c = ? -A(a)-A(6) g c T ab ? ^b^cd = ^cd^b _ ^ 

When e a and u; afe are given by (0), they satisfy a set of Maurer-Cartan equations lZ ab = 
T a = 0, where the curvature 1Z ab and the torsion and T a have the usual expression 

U ab = du) ab + u) a c A LO cb , 

T a = cfe a + u a b A e b . (11) 

Even though Eqs.@, (§), and (ITTf) all look identical to the standard expressions, one 
should keep in mind that they involve non-commuting quantities and so the ordering is 
crucial in all of them. 

The passage to gauge theory is now achieved upon relaxing the flatness conditions 
on the forms e a and uj ab , Eq.(|6|), while keeping Eqs.(|T|-|TT|), and pulling them back from 
the quantum group to space-time. One thus ends up having a non-commuting set of 
tetrad and spin-connection one-forms defined on space-time. Next one writes down a 
locally Lorentz invariant action: 

S=\ I q- A{d) e abcd TZ ab A e c A e d , (12) 

M is a four manifold and e a b c d is the ordinary, totally antisymmetric tensor with €1234 = 1. 
The expression ( |i~2"| ) differs from that of the undeformed case by the q~ A ^ factor. Note 
that this factor can be written differently using the identity 

g A( a ) + A(6) + A( c)+ A( d ) eabcd = eabcd (13) 

As in the undeformed case, the action is invariant under the full set of local Poincare 
transformations @, provided we impose the torsion to be zero upon making the varia- 
tions. The expression ([12]) also differs from that of the undeformed case due to the fact 
that it is not a c-number. On the other hand, it has definite commutation properties, 
i.e. each term in the sum has the same commutation relations with the connection one 
forms. 

The equations of motion obtained from varying the tetrads have the usual form, i.e. 

e abcd n ab A e c = , (14) 

while varying u ab gives 

e abcd T c Ae d q- A{d) = 0. (15) 
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To make a connection with Einstein gravity, we need to introduce the space-time 
metric g^ on M. As in the undeformed case, it has to be a real bilinear in the tetrads 
which is symmetric in the space-time indices and invariant under local Lorentz trans- 
formations. It should also reduce to the usual expression in the limit q — > 1. These 
requirements uniquely fix g pu to be 

g,u = q A(a) Vab e*el , (16) 

Using eqs.(0) we see that g pv is symmetric, although the tensor elements are not c- 
numbers since 

< = q 2A{a)+2A{b) g, v , 

e a p = q 2A ^ e a p g, v . (17) 

The components of g pu do however commute with themselves. Finally, one can check 
that the g pv are real, for both hermiticity structures i) and ii) given above. 

The inverse of the tetrads e° can be defined if we enlarge our algebra by a new 
element e _1 such that: 

-l^o - „-4A(a) a -1 



ab 



e^cjf = g -4(A(a)+A(6)) ab e _l ^ (lg) 



and e _1 e = 1. Here e is the determinant: e = e^^eze^e^e* , which is consistent because 
its left hand side commutes with everything, due to eqs.(|19|). Moreover, one can check 
that e _1 e = ee _1 . The inverse of the tetrads can now be written: 

< = y^e^e^ete- 1 , (20) 

where the totally q-antisymmetric tensor e a b c d is defined such that 

£abcde a A e b A e c A e d = e 1 A e 2 A e 3 A e 4 no sum on a, 6, c, d (21) 

The solution to this equation can be expressed by 

e abcd = g 3A(a) + 2A W+ A( C ) + 3 ^ (22) 

It is easy to prove that the inverse of the tetrads ( |20| ) have the usual properties: 

e a A = « = $ a b > = <<% = % . (23) 

By using the inverse of the tetrads, one can now prove that eq.(|T5D implies the 
vanishing of the torsion. Details can be found in J3|. 
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The Christoffel symbols Y a are defined in the same way as in the undeformed case, 
i.e. by demanding that the covariant derivative of the tetrads vanishes, 

= D,el = d,e b u + u b ;e uc - Y%e b a . (24) 

The difference with the undeformed case is that we cannot switch the order of the fields 
arbitrarily. To eliminate the spin-connection from ([24]) we now multiply on the left by 
q A ^Vab£p, and proceed as in the undeformed case. We can then isolate Y a according 
to 

2q A ^r ]ab e a p e b a Y;» = ^'W^ + 9 A) + ^A d A ~ d^) + e«(d„e b p - d p e b v )\ (25) 
or 

2g PCT r^ = d p g pv + d v g pp - d p g up . (26) 
To solve this equation we need the inverse of the metric g^ u . The expression 

= q A{a) r] ab e p e u b , (27) 

does the job as it can be checked that g pp gp U = gu P g pp = 8$ ■ Notice that unlike in the 
usual Einstein Cartan theory g pu ri ab e b u = q A ^e p . We are now able to solve eq. (|26|) . Upon 
multiplying it by g Tp on each side, we get the usual expression for the Christoffel symbols 
in terms of the metric tensor and its inverse. It may be verified, using these expressions, 
that the Christoffel symbols commute with everything and thus, even if written in terms 
of non-commuting quantities, they can be interpreted as being ordinary numbers. 

The covariant derivative operator V M defined by the Christoffel symbols is compatible 
with the metric g pu , i.e. V ' p g up = 0. This is clear because our Christoffel symbols have 
the standard expression in terms of the space-time metric g pu , but it also follows from 
eq.(® 

V M g, p = %g up = %(q A ^ Vab e a u e b p ) = . (28) 
We now construct the Riemann tensor. It is defined as in the undeformed theory: 

V/^ = (°^ D - - D - D >p > (29) 

where v p is a vector. It follows from ( p4|) that it has the standard expression in terms 
of the Christoffel symbols (and thus in terms of the space-time metric and its inverse) 
and therefore its components commute with everything. (This is also true for the Ricci 
tensor = R pau a , of course, but not for R pupT as the lowering of the upper index of the 
Riemann tensor implies contraction with g aT which is not in the center of the algebra). 
The relation among the Riemann tensor and the curvature of the spin connection follows 
from eq. fl2|): 

e a R °v p = e a a (V u D p - D^K = (p v V„ - V p V v )e a a v° = -TZ^e^ , (30) 
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T> v e a a = d v e a a + u^ b e a b, with H ab v being the space-time components of lZ ab . As v M is 
arbitrary, it follows from the above equation that: 

Vp T = -Klv b ce b p el . (31) 

Using this equation it can be checked directly that the components of the Riemann 
tensor commute with everything, as pointed out earlier. Our Riemann tensor has the 
usual symmetry properties: 

^■/xvp = ~^upp ) R-i-iupcr = ~Rfj,vap j R[fiup] = • (32) 

The first of these equations is obvious. The proof of the other two can be found in Ref. 



We now show that the action (|P2| ) becomes equal to the undeformed Einstein-Hilbert 
action Seh, once the spin connection is eliminated using its equations of motion, namely 
the zero torsion condition. As in the undeformed case, first we rewrite (0) in a form 
analogous to Palatini action, and then show that the latter reduces to the undeformed 
Einstein-Hilbert action, once the spin-connection is eliminated from it. Consider thus 
the following deformation of the Palatini action: 

S=\f dW (a) - 3 e«7^t. (33) 

To see that it coincides with ([12]) , we use the identity: 

q A(a)-A(b)-G t bcd e ^ e u e = _ e ^Xa e c e d _ (34) 

The result (^) then follows after multiplying both sides of this equation on the left by 
-1/8 q' mf) ' H9) ^t fgcd n f Jl and using the identity 

e f9 c d e abcd = ~2q 6 (5 a f 5 b g - q A ^~ A ^ S a g 6 b f ) , 

along with (p2|). 

To show that eq.fl33|) in turn is equal to the undeformed Einstein-Hilbert action, we 



eliminate the spin connection via its equation of motion. This amounts to expressing 
TZ 1 ^ in terms of the Riemann tensor by inverting eq.(|3~ij) and then plugging the result 
in eq. (|33l) . We have: 



= -q A(b \ up ^ = R^/g^ = R , (35) 
where we have made use of (^). Moreover we get, after a short calculation [Q]: 

e-=detlle 11= JlfW^MW f ^2v 3 u 4 -6 2 /o fi \ 
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Putting together fl35|) and fl36|) we see that the q-Palatini action ( |33"D becomes equal to: 



which is the undeformed Einstein-Hilbert action. It is obviously real, since are real. 
Moreover, since the components of g M „ and its inverse all commute among themselves, 
it is clear that the equations of motion of the metric theory will be equal to those of 
the undeformed Einstein theory in vacuum. One can obtain the same result starting 
directly from eq.([TJ|) and using fl3~T|). 

We now address the issue of the physical interpretation of our construction. As we 
have seen above, in our theory the components of the metric tensor g M1 ,, even though they 
commute amongst themselves, are not c-numbers, as their commutational properties 
with the tetrads and the spin-connections are nontrivial. This raises the doubt that 
our theory, although formally resembling ordinary general relativity, may in fact not be 
physically equivalent to ordinary general relativity, already at the classical level. We 
remarked that the Christoffel symbols T^ p are c-numbers and, consequently, so is the 
Riemann tensor, which encodes most of the geometric information on the space-time 
manifold. Moreover, we can write the geodesic equation for a test particle moving in a 
gravitational field, which in its parametric form only involves the Christoffel symbols: 
+ r^ p ^^ = F fl (a) , where we have included an arbitrary force F^{a) which 
transforms under diffeomorphisms like 

But is this enough to conclude the equivalence of our theory with the standard 
metric theory? After all, the invariant "distance" / between any two points of space- 
time, measured along some path C connecting them: 



is an observable quantity. However, ds constructed from our metric tensor is not a 
c-number, and hence its physical meaning is unclear. A closer inspection is therefore 
necessary. In this regard, we first remark that when we measure a dimensionful quantity 
(like length) what we are actually doing is comparing it with a standard unit (like a 
meter). So we need not require that all dimensionful quantities be c-numbers. Rather, 
what really matters is that the ratio of any two quantities carrying the same units is a 
c-number. As we shall see below, this is indeed possible in our description of gravity. 

To be definite, let us consider a self-gravitating system of spinless (electrically) 
charged point-particles moving in a four dimensional space-time. In the metric for- 
mulation of gravity it is described by the action (we take c = 1): 




(37) 






} 



16n 



1 



/ 



d 4 x^F^, (39) 
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where G is Newton's constant, m a are the masses of the particles, is the potential 
associated with the electromagnetic (e.m.) field strength F^ u and e a are the electric 
charges of the particles. Using the parameters of this model, we can construct a number 
of quantities having the dimension of a length, which play the role of natural units for 
this system. For example, we could define: 

/« = Gm a , /« = . (40) 



If we also use Planck's constant, we can of course introduce the Planck's length: 

= ^Gfi . (41) 

What we shall prove below is that in order for the equations of motions for the particles 
and fields to be consistent, the coupling constants in the action (|39]) cannot in general 
be taken as c-numbers. (In general, the classical fields need not be c-numbers either.) 
Although, at first sight, this appears to be a problem, it is in fact a blessing, because 
the different length units shown above acquire just the correct commutation properties 
needed to make the ratios lc/la c-numbers. 

In order to see this, let us go back to the action (03). The integral in the first term, 
i.e. the Einstein-Hilbert action Seh, is not a c-number. Even though it commutes with 
g^v, it fails to commute with the tetrads and the spin- connect ions, since: 

C , ,06 _ „2A(a)+2A(fe), ab c c „a _ _2A(a) _a o ( A0 \ 

<->EH Up — Q 'LO^ E H , <~>EH — q ' e ^ E H ■ 

Similarly, the integral in the second term, giving the interaction between the particles 
and the gravitational field, fails to commute with the tetrads and the spin connections. 
On the contrary, at least in four dimensions, we can consistently keep the e.m. potential 
and the electric charges as c-numbers. 

If we now insist that the action be a c-number, which seems desirable if one is to 
quantize our system using path-integral techniques, we are forced to give G and m a 
nontrivial commutation relations. (Alternatively, if the action were not a c-number, H 
could not be a c-number.) It is easy to verify that the following commutators do the 
job: 

G Ujf = g 2(A(a)+A(6))^ab Q ^ Q g a = g 2A(a) g a Q ? G 7Tl a = m a G , 

m a = g -A(a)-A(6) w a6 mQ ? m a e° = q- A{a) e° m a , (43) 

while the electric charges and fields commute with everything. We remark that this 
choice guarantees that G and m a commute with g^, so that when deriving the equations 
of motion from (|39"D, no ordering problem is encountered and one gets the equations of 
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motion of Einstein gravity. The above commutation relations ensure that the equations 
of motion are consistent. Here for simplicity, let us set all the electric charges to zero 
and write down Einstein's equations: 

V - = Tg** , (44) 

where 

T^ art ^(x°,x) = Y m « ax ax S ®(x - x^(x )) . (45) 



dr dx° 

In the above equation x denotes the "space" -coordinates x % and we think of the particle 
trajectories x^^x ) as parametrized by the "time" coordinate x°. Thus 

d j dx^ dx^Y 1 ' 2 d 
dT~[ g ^~dx~v cLx^f dx° ' 

We see that if the masses and Newton's constant had been c-numbers the right hand 
side of ( pH| ) would not have been a c-number (this can be seen commuting it with, 
say the tetrads), contrary to the left hand side of (|44l) . On the other hand, using the 
commutation properties (^) solves this difficulty Analogous results hold for all the 
equations of motion. 

Moreover, one can easily check that the reference lengths eqs. (|4l1| - f41"l) have commu- 
tation properties such that the ratios lc/l^a commute with everything: 

(46) 

and thus are c-numbers, as promised earlier. (Here we assume the existence of inverse 
lengths 1/1% \) The same is true, of course, for the ratio of any two masses. What about 
the strength of the gravitational interaction? In this regard, the meaningful thing to do 
is to compare the gravitational force between any two particles with the electric force 
between them and thus consider the dimensionless ratios: Gmam v _ easily follows from 
eqs. ([4"5D that this quantity commutes with everything. 





We point out that these conclusions do not depend on the combination of the param- 
eters that one chooses to construct the unit of measure for the lengths or the strength 
of the gravitational interaction. Consider for example the former. Keeping into account 
the units of G, e a and h (we remind the reader that we are assuming c = 1 and thus 
a length has the same dimension as a time), it is easy to check that a monomial of the 
form: 

V = G p m q e 2r h s (47) 
will have the dimensions of a length if and only if: 

p + r + s = 1 , — p + q + r + s = . (48) 
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Consider now commuting V with, say, the tetrads. One finds: 

V = g( 2 P-9)A(a) e a <p 

Subtracting the second of eqs.(f48|) from the first, we see that 2p 
above commutator can be rewritten as: 

Pe; = q A{a) el V . (50) 

Repeating the same computation for the commutator of V with the spin-connections 
would give: 

Thus the ratios lc/V are c-numbers for any choice of V. An analogous result holds for 
any monomial V with the units of G. 

In view of the above considerations, we can now claim the complete physical equiv- 
alence of our theory with Einstein gravity. 

From the above results we may conclude that if we just consider the theory con- 
structed in terms of the space-time metric g^ u , ignoring the underlying gauge formu- 
lation, our theory is completely equivalent to Einstein's theory. No trace of the non- 
commutative structure existing in the gauge formulation of the theory can be found at 
the metric level. Though the metric does not commute with the connection components, 
all the physical objects constructed out of it, e. g. the Christoffel symbols together with 
the Riemann, Ricci and Einstein tensors, are c-numbers. Thus it appears that, at the 
level of classical general relativity we can choose whatever representative of the one 
parameter family of g-gauge theories (not only the well known q = 1 theory) without 
changing the physics we are describing. That is, we have discovered a non-commutative 
structure in general relativity which is hidden, even in the presence of matter, provided 
there are no sources of torsion. 
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